This note studies the relationship between the complete integrability of geodesic flow on SO(4) with a leftinvariant metric and the geometry of the intersection of four quadrics in P6.
This note deals with geodesic flow on the group SO(4) for arbitrary left-invariant metrics and the induced flow on the dual of its Lie algebra (see ref. 1) that we identify with so (4) . Under the natural decomposition so(4) = so(3) e so(3), set z = (z', z") E so(3) (D so(3) so (4) with z' = (ZI, Z2, Z3) and z" = (Z4, Zs, Z6)-
The induced flow on so(4) takes the Hamiltonian form [1] tf = zf X aH, zf aX z where the Hamiltonian H1(z) = (z' X'(z')) + -(Z"i X"(z")) + (z', X"'(z")), 2 ' 2 is the quadratic form induced on so (4) by the left-invariant metric on SO (4) . The notation is the following: A' and A" are symmetric linear maps acting on z' and z", respectively, while A"' acts on z". By the use of the adjoint action (which respects the splitting), H may, without loss of generality, be set equal to H(z) = ± Eiz-+ E AI jziz. i=l 1-i-3 42j 6 [2] We say H is nondegenerate if (let Aj1 Xi -Xj) (IA21j + JA311) (|A541 + JA641) (1K141 + IXI51 + IK361) # 0.
Observe that the flow (Eq. 1) has three constants of the motion, the Hamiltonian Q3 = H, and the two orbit invariants Q, = H1z'fl2 = Zj + Z2 + Z I, Q = 1z" 2 = Z' + Z5 + z2.
Because of the two orbit invariants, Eq. 1 is a four-dimensional Hamiltonian system, and thus it needs one additional invariant Q4 to be a completely integrable system. In this note we shall find necessary and sufficient conditions on the nondegenerate metric H so that Q4 is quadratic.
To study the above problem, one first considers, as a problem in its own right, the intersection of the following quadrics in P6, The above intersection supports four Hamiltonian vector fields (two being independent) of a very simple nature; for instance, one of them has the form x1 = d1x5x6, x4 = -d2x2x6 + d3x3x5, 2= d2x4x6, i5 = -d3x3x4 + djx1x6, We wish to thank David Mumford for many inspiring conversations with regard to this work. We also thank 0. I. Bogoyavlensky for acquainting us with his paper (6) , which discusses via a Lie algebra "Steklov-Lyapunov Ansatz," an integrable case of Eq. 1, which, by the rigidity of Theorem 2, is seen to be an example of Case II. The cases he considers which have a quartic integral, we do not consider, as they are either degenerate in the sense of this note or else dependent upon special choices of initial conditions. We gratefully acknowledge support from National Science Foundation Contract MCS 79-05576.
